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Abstract — A quantum heat engine of a specific type is studied. This engine contains a 
single particle confined in the infinite square well potential with variable width and 
consists of three processes: the isoenergetic process (which has no classical analogs) as 
well as the isothermal and adiabatic processes. It is found that the engine possesses 
exotic properties in its performance. The efficiency takes the maximum value when the 
expansion ratio of the engine is appropriately set, and, in addition, the lower the 
temperature is, the higher the maximum efficiency becomes, highlighting aspects of the 
influence of quantum effects on thermodynamics. A comment is also made on the 
relevance of this engine to that of Carnot. 
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 It is well known that thermodynamics has played a crucial role for Planck in framing 
the quantum hypothesis. However, as pointed out in Ref. [1], it seems that after the 
formation of quantum mechanics these two fields have developed rather separately, 
although a few exceptions have appeared in the middle of the last century [2,3]. Today, 
such a situation is rapidly changing due to developments of quantum state engineering, 
nanoscience/nanotechnology, and quantum information. Such a new stream would have 
been initiated in the beginning of this century by the investigations, e.g., in Refs. [4-8]. 
Ever since, even limited to quantum heat engines, a large number of works have been 
done (see Refs. [9-21], for example). Also, recent recognition of an intrinsic similarity 
between quantum mechanics and thermodynamics [22-26] has shed new light on the 
relevant issues. In addition, progress of thermodynamics of small systems, or commonly 
referred to as nanothermodynamics, should be noted [27-32]. A point of importance is 
that it is possible to consider the “smallest” engine containing only a single particle. A 
recent experimental realization [33] of a heat engine with a single colloidal particle 
subject to an optical laser trap shows that in fact it makes sense to discuss such an 
extreme case, although the underlying dynamics there is not quantum but stochastic. 
 In this paper, we study a specific-type quantum heat engine with a single particle, 
which shows how quantum effects give rise to a striking phenomenon that is 
unexpected from the viewpoint of classical thermodynamics. The cycle is reversible and 
consists of three processes [34], not four. Two of them are familiar ones: the isothermal 
and adiabatic processes, whereas the other is the isoenergetic process [22-26] that does 
not have its classical counterpart, as discussed below. We report a remarkable finding 
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that the efficiency of this engine depends on the way of expansion and compression and 
has its unique maximum for each value of the temperature. In other words, the quantum 
effects make optimal control of the engine possible. In addition, the lower the 
temperature is, the higher the maximum efficiency becomes, again indicating 
importance of quantum effects. These results highlight how quantum effects change the 
classical view of thermodynamics. 
 Let us start our discussion with describing the quantum heat engine considered here. 
It consists of a single particle with mass, m, confined in a one-dimensional infinite 
square well potential with width, L, that varies slowly. (Although generalization to 
higher dimensions is straightforward, we shall work with the one-dimensional case 
since we wish to simplify the situation as much as possible.) There exists only one heat 
bath, from which the engine receives heat. There is also an external system that controls 
both L and quantum states, simultaneously, i.e., essentially the combination of 
mechanical expansion/compression and quantum state engineering, as well as the 
environmental system that absorbs the heat of the engine. Therefore, it has no analogs in 
classical theory. The cycle is realized by three processes, as shown in the f-L plane in 
Fig. 1 that is the P-V plane in one dimension, where the pressure becomes the force, f. 
The process (I) from the initial state A to B is isothermal, being in contact with the heat 
bath. The process (II), B!C , is the isoenergetic one associated with the energy bath, 
where the internal energy is kept constant. Finally, the process (III), C! A , is 
adiabatic. A key is in the isoenergetic process (II), since it is inherently quantum. 
 All of the processes mentioned above are assumed to be slow. That is, their time 
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scales are much larger than the thermal relaxation time as well as the quantum 
mechanical one, ~ ! / E , where E stands for a typical value of the system energy. This 
makes the cycle reversible, that is, the total change of the (internal) entropy vanishes 
after one cycle. It also enables one to describe the system states in terms of 
instantaneous energy eigenstates, un{ }n , in the adiabatic approximation. Therefore, 
we consider the stationary Schrödinger equation for each value of L at each time: 
H un = En un , where H is the Hamiltonian of the particle confined in the infinite 
square well potential with instantaneous width, L, and En = ! 2! 2 n 2 / (2mL2 )  
( n =1, 2, 3, ... ) are the energy eigenvalues. In contact with the heat bath at temperature, 
T, the density matrix reads ! = Z !1 exp [!H / (kBT )]= Z !1 exp [!En / (kBT )]n=1
"
#  
! un un , where kB  is the Boltzmann constant. Z = Tr exp[!H / (kBT )]  is the 
partition function: 
 
   Z = exp ! 1kBT
! 2! 2n 2
2mL2
"
#
$
%
&
'
n=1
(
)  
 
    = 12 ! 3(0, q)!1
"# $% ,                       (1) 
 
where ! 3(z, q)  is the theta function [35] defined by 
 
   ! 3(z, q) = q n
2
n=!"
"
# e 2 i n z                      (2) 
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with 
 
   q = exp ! 1kBT
! 2! 2
2mL2
"
#
$
%
&
'                       (3) 
 
in the present case. 
 For the discussion, here it is convenient to calculate the internal energy and force 
(i.e., the one-dimensional analog of the pressure). The internal energy, U, is defined by 
U = Tr (H !) . Its change along a certain process, dU , leads to the general formulation 
of the first law of thermodynamics: d 'Q = dU + d 'W , where the changes of heat and 
work are given by d 'Q = Tr (H d !)  and d 'W = !Tr (! d H ) , respectively. U itself is 
found to be 
 
   U = !
2! 2
2mL2
q "! 3(0, q)
! 3(0, q)!1
,                      (4) 
 
where !! 3(0, q) ! d! 3(0, q) / d q . The force, f, is related to the work as d 'W = f d L , 
yielding 
 
   f = ! 1Z
"En
"Ln=1
#
$ exp !
En
kBT
%
&'
(
)*
= 2UL .                (5) 
 
Eqs. (4) and (5) are the essential relations for the subsequent discussions.  
 To realize the cycle in Fig. 1, it is necessary to analyze the slopes, ! f / !L , of each 
process. The slope of the curve, C! B , is found to be negative: U =UB =UC  is 
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constant during this process, implying ! f / !L C"B = #2U / L2 < 0 . Also, the slope of 
the curve, A!C , is clearly negative, since T L2  is kept constant during the adiabatic 
process (i.e., the state remains unchanged), and accordingly 
! f / !L A"C = #6U / L2 < 0 . On the other hand, the slope of the curve, A! B , is 
calculated to be ! f / !L A"B = #6U / L2 + 4($H ) I2 / (kBT L2 ) , where T is fixed, and 
(!H ) I2 = Tr (H 2!)"U 2  is the variance of the energy at each state during the process 
(I), A! B . It does not seem simple to show the inequalities, 
! f / !L C"B > ! f / !L A"B > ! f / !L A"C , analytically. So, we have performed 
numerical evaluations and have ascertained that these inequalities, in fact, hold. 
Consequently, the closed cycle A! B!C! A  in Fig. 1 is realizable. Also, after a 
cycle, the engine returns to the original state A, since there is no multivaluedness in the 
f-L plane. 
 Now, let us analyze the properties of the three processes I-III. 
   (I) The isothermal process, A! B . The temperature is fixed during this process. 
Clearly, T = TA = TB , where TA (TB )  is the value of the temperature at A (B). The 
work is given in terms of the free energy difference 
 
   WA!B = kBTA ln
! 3(0, qB )"1
! 3(0, qA )"1
 
 
      =Q ! UB !UA( ) ,                     (6) 
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where qA (qB )  and UA (UB )  are the values of q in Eq. (3) and the internal energy at 
A (B), respectively. Here and hereafter, we use TA  for convenience for the later 
discussion. Q is the amount of the quantity of heat absorbed from the heat bath during 
the process. Since the process is isothermal, it is given in terms of the change of the 
entropy, Q = TA (SB ! SA ) , which is rewritten as follows: 
 
   Q = !
2! 2
2mLB2
qB "! 3(0, qB )
! 3(0, qB )!1
! "
2! 2
2mLA2
qA "! 3(0, qA )
! 3(0, qA )!1
+ kBTA ln
! 3(0, qB )!1
! 3(0, qA )!1
,   (7) 
 
where the expression of the free energy, F = !kBT lnZ , as well as Eq. (4) have been 
used, and LA (LB )  is the potential width at A (B). 
   (II) The isoenergetic process, B!C . This is a key process in the present 
discussion. Here, the internal energy is kept constant: U =UB =UC . It is of importance 
to note that, in marked contrast to classical thermodynamics, this does not mean that the 
process is isothermal, since the law of equipartition of energy is violated in the quantum 
regime. The process is characterized by dU = 0 , which leads to d 'Q = d 'W . In other 
words, the effect of change of the potential width is compensated by that of change of 
the temperature in such a way that the internal energy remains constant. Below, we see 
that the work is finite, and therefore d 'Q ! 0 , implying that the engine is in contact 
with an environment (i.e., an external system) in a way that has no classical counterpart. 
From the condition, 0 = dU = (!U / !T ) L dT + (!U / !L)T d L , it follows that 
 
   dTd L = !
1
CL
"U
"L
#
$%
&
'( T
,                       (8) 
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where CL = (!U / !T ) L  denotes the specific heat at constant volume (i.e., width) given 
by 
 
   CL =
1
kBT 2
(!H ) II2                         (9) 
 
with (!H ) II2  being the variance of the energy at each state during this process. On the 
other hand, (!U / !L)T = 2("H ) II2 / (kBT L)# 2UB / L , giving rise to 
 
   dTd L = !
2T
L +
2kBT 2
L
UB
("H ) II2
.                  (10) 
 
For the later purpose, here we use UB . This equation determines how the temperature 
changes during the process. For a practical purpose, the isoenergetic condition, 
U (T, L) =U (TB, LB )  with TB = TA , may be convenient for evaluation of the 
temperature of the engine with respect to the width. In Fig. 2, we present the plots of the 
function, T = T (L) , for some values of TA . It is interesting to see an exotic property 
that the temperature decreases for this specific compression. Now, the work is 
calculated as follows: 
 
   WB!C = d L
B
C
" f  
 
      = 2UB ln
LC
LB
,                      (11) 
 
which is negative, where LC  is the potential width at C. 
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   (III) The adiabatic process, C! A . During this process, d 'Q = 0 , that is, the 
quantum state is fixed. Therefore, T L2  is kept constant, since the density matrix is the 
function of the variables in this combination. In particular, holds 
 
   LC = LA
TA
TC
,                         (12) 
 
where TC  is the value of the temperature at C. The work is 
 
   WC!A =UC "UA ,                       (13) 
 
which directly comes from the first law of thermodynamics. 
 From Eqs. (6), (11), and (13), the total work done during a single cycle is found to be
Wtot =WA!B +WB!C +WC!A =Q " 2UB ln(LB / LC ) , where UB =UC  has been used. 
Therefore, the efficiency of the engine is obtained as follows: 
 
   ! = WtotQ =1!
2UB
Q ln
LB
LC
                    (14) 
 
with Q in Eq. (7). Fixing the initial condition on the pair of the temperature and width at 
A and eliminating LC  by employing Eq. (12), we can express the efficiency as the 
function of LB  and TA , although such a procedure requires a numerical analysis of Eq. 
(10). Consequently, given the initial condition, we have the efficiency of the engine as 
the function only of the expansion ratio LB / LA . It is of importance to note that this 
expansion-ratio dependence has its origin in the quantum effects, since it is indivisibly 
connected to the isoenergetic process (II) with no classical analogs and violation of the 
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law of equipartition of energy. 
 In Fig. 3, we present the plots of the efficiency with respect to LB  for several values 
of the temperature, TA , that are numerically calculated using Eq. (10). There, one 
observes a remarkable behavior. There always exists the specific value of LB  that 
maximizes the efficiency. In addition, as shown in Table I, the lower the temperature is, 
the higher the maximum value of the efficiency becomes. (Although increase of the 
maximum value seems to become slower with decreasing temperature, no saturation is 
observed.) These are the main results of the present work, which are without analogs in 
classical thermodynamics. 
 As mentioned earlier, the engine is reversible. In fact, we have numerically 
ascertained that the procedure employed here for identifying the process (II) makes the 
entropy change, SB ! SA  [see the discussion above Eq. (7)], be canceled by SC ! SB  
(recall that SA ! SC  vanishes since the process (III) is adiabatic), provided that the 
infinitesimal change of the entropy during the slow processes is given by d S = d 'Q /T , 
which is also identical with the derivative of the von Neumann entropy, 
S[!] = !kBTr ! ln!( ) . 
 Furthermore, a comment is also made on the relevance of the present three-process 
engine to the Carnot cycle. Consider a pair of three-process engines of the present type 
with the hot and cold heat baths and combine them in such a way that the total system 
consists of four processes (i.e., two isothermal and two adiabatic processes) and two 
isoenergetic processes cancel each other. The resulting efficiency is found to be the 
celebrated one of Carnot [36]. This may be due to the fact that the heat baths considered 
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here are classical. 
 In conclusion, we have studied a quantum heat engine of a specific type that consists 
not only of the isothermal and adiabatic processes but also of the isoenergetic process, 
which is inherently quantum and does not have its counterpart in classical 
thermodynamics. We have obtained a remarkable result that the efficiency can be 
maximized by controlling the expansion ratio. In particular, the lower the temperature is, 
the higher the maximum efficiency becomes. These highlight in a peculiar manner how 
quantum effects may change our classical view of thermodynamics. 
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Figure and Table Captions 
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Fig. 1:  The cycle of the quantum heat engine consisting of three processes depicted 
    in the plane of the force (f) and potential width (L). The processes A! B , 
    B!C , and C! A  are isothermal, isoenergetic, and adiabatic, 
    respectively. 
Fig. 2:  The plots of the temperature with respect to the width along the isoenergetic 
    process for three different values of the temperature in the initial state A. Both 
    the energy eigenvalues, En = ! 2! 2 n 2 / (2mL2 ) , and kBT  are measured in 
    the unit of the ground-state energy at A: E 1, A = ! 2! 2 / (2mLA2 ) . For the sake 
    of simplicity, ! 2! 2 / (2m ) , kB , and LA  are all set equal to unity. 
    Accordingly, both T and L (= L / LA )  are dimensionless. Here, the maximal 
    potential width, LB , is chosen to be LB = 4 . 
Fig. 3:  The plots of the efficiency with respect to the expansion ratio, LB  (= LB / LA  
    with LA  being unity), for five different values of the temperature in the 
    initial state A. The lower panel shows the detailed behaviors of the efficiency 
    around the maxima. All quantities are dimensionless, as in Fig. 2. 
Table 1: The maximum efficiency at different temperatures and the corresponding 
    values of the potential width, LB* . Note that LB*  is nonmonotonic with 
    respect to temperature. All quantities are dimensionless. 
 
 
 
 15 
 
 
 
 
 
f
L
C
B
A
 
 
Fig. 1 
 
 
 
 
 
 16 
 
 
 
 
1 2 3 4
0.0
0.5
1.0
1.5
2.0
T
L
TA=0.5
TA=1.0
TA=2.0
 
 
Fig. 2 
 
 
 
 
 17 
1 10 100
0.05
0.10
0.15
0.20
0.25
LB
η
 TA=0.5
 TA=0.4
 TA=0.3
 TA=0.2
 TA=0.1
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3 
10
0.22
0.23
0.24
LB
η
 TA=0.5
 TA=0.4
 TA=0.3
 TA=0.2
 TA=0.1
 18 
 
 
 
Table 1 
 
                                                   
TA     LB*     !max  
_____________________________ 
2.0    4.61   0.131370 
1.0    4.01   0.187521 
0.5    3.71   0.232955 
0.4    3.91   0.237916 
0.3    4.51   0.239805 
0.2    5.41   0.240062 
0.1    7.71   0.240064 
                                                   
 
 
 
 
 
 
 
